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Abstract
A C1-endomorphism f :M →M is expanding if for some Riemannian metric on M there exist
c > 0, λ > 1 such that ‖(Df )mv‖ cλm‖v‖ for all v ∈ TM and all integers m> 0.
An infra-nilmanifold is the quotient of a connected, simply connected nilpotent Lie group G by
a discrete cocompact subgroup π of G C, where C is a compact subgroup of Aut(G). The main
result is that every 2-step infra-nilmanifold admits an expanding map.  2002 Elsevier Science B.V.
All rights reserved.
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Let M be a compact differentiable manifold. A C1-endomorphism f :M → M is
expanding if for some Riemannian metric on M there exist c > 0, λ > 1 such that
‖(Df )mv‖  cλm‖v‖ for all v ∈ TM and all integers m > 0. It is known [9] that any
expanding endomorphism of an arbitrary compact manifold is topologically conjugate to
an expanding endomorphism of an infra-nilmanifold.
We are concerned with the converse: Which infra-nilmanifolds admit expanding endo-
morphisms? It is known that every flat manifold admits an expanding endomorphism [7];
and that a simply connected nilpotent Lie group of homogeneous type admits an expand-
ing endomorphism [6]. However, there are example of nilpotent Lie algebras which do not
admit expanding endomorphisms. On the Lie groups corresponding to such Lie algebras,
there are no expanding endomorphisms. Finding expanding maps on compact manifolds
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are much harder, because such an expanding map on the Lie group (if any) should pre-
serve the fundamental group. Our aim is to prove: every 2-step infra-nilmanifold admits an
expanding map.
For a Lie algebra g, define the ideal γk(g) (k = 1,2, . . .) of g as follows:
γ1(g)= g, γk+1(g)=
[
γk(g),g
]
.
Then g is (c-step) nilpotent if γc+1(g)= 0 (and γc(g) = 0) for some c.
We say that a Lie algebra L is a free Lie algebra of rank n if there exist n elements
X1,X2, . . . ,Xn ∈ L which generate L as an algebra, and which has the following universal
mapping property: any function from the set {X1,X2, . . . ,Xn} to any Lie algebra g extends
to a unique Lie algebra homomorphism L→ g. An ideal I of L is homogeneous if the
vector space I is isomorphic to the direct sum of (I ∩ γi(L))/(I ∩ γi+1(L)), i = 1,2, . . . .
We shall say that a Lie algebra g is homogeneous if g is isomorphic to L/I with L
free and I homogeneous. A nilpotent Lie algebra g is called free if I = γc+1(L) for
some c; this is, g is of the form L/γc+1(L). See [10] and [5] for more discussions
on the definition of homogeneous nilpotent Lie algebra. A nilpotent Lie group is free
(respectively, homogeneous) if its Lie algebra is free (respectively, homogeneous).
Let G be a connected, simply connected nilpotent Lie group, C compact subgroup of
Aut(G). A discrete cocompact subgroup π of GC is called an almost crystallographic
group. A torsion free almost crystallographic group is called an almost Bieberbach group.
An infra-nilmanifold is the quotient of a connected, simply connected nilpotent Lie
group G by an almost Bieberbach group π . It is known that [1] Γ = π ∩ G is a lattice
in G, and Φ = π/Γ is finite. This group Φ will be called a “holonomy group” of π . Thus
an infra-nilmanifold is associated with a short exact sequence
1 → Γ → π →Φ → 1,
and conversely, any finitely generated torsion free virtually nilpotent group π is the
fundamental group of an infra-nilmanifold. See [1,13,11] for more properties of the
fundamental groups of such manifolds. It is known that a Riemannian manifold M is
almost flat [9,8] if and only if it is homeomorphic to an infra-nilmanifold, except in dimen-
sion 3.
An infra-nilmanifold π \G is of free type (respectively, homogeneous type, n-step) if G
is of free type (respectively, homogeneous type, n-step nilpotent). Our theorem generalizes
Epstein and Schub’s result [7]: Every flat manifold admits an expanding map.
Main Theorem. Every 2-step infra-nilmanifold admits an expanding map.
From now on, g denotes a 2-step nilpotent Lie algebra. Denote γ2(g)= [g,g] by gˆ, and
g¯= g/gˆ. Then 0 → gˆ→ g→ g¯→ 0 is a short exact sequence of Lie algebras. Let G be
the connected, simply connected nilpotent Lie group whose Lie algebra is g. Then [g,g]
is the Lie algebra of [G,G]. Then g¯ is the Lie algebra of G/[G,G]. Let dim([G,G])= k,
dim(G/[G,G]) = n. Then [G,G] ∼= Rk , G/[G,G] ∼= Rn, G/[G,G] ∼= Rn, and 1 →
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Rk → G → Rn → 1 is a central extension. Summarizing, we have a commutative
diagram:
0 gˆ
exp
g
exp
g¯
exp
0
1 Rk G Rn 1
Let π ⊂GAut(G) be an almost Bieberbach group. Let Γ = π∩G. Then Γ is a lattice,
and Ψ = π/Γ is finite. We have a commuting diagram of exact sequences of groups:
1 Γ π Ψ 1
1 G GAut(G) Aut(G) 1
Goal. Find an automorphism K of G such that
(1) K is expanding,
(2) K conjugates π into itself.
Then such a K induces an expanding map on our 2-step infranil-manifold G/π .
An automorphism θ ∈ Aut(g) gives rise to automorphisms θˆ ∈ Aut(gˆ) and θ¯ ∈ Aut(g¯).
It is easy to see that θ¯ uniquely determines θˆ .
Suppose θ :g→ g is an automorphism such that θ¯ = id. Then
θ(X)= λ(X)+X,
where λ(X) ∈ gˆ. Every element of gˆ is a linear combination of the elements of the form
[X,Y ]. Now
θ
([X,Y ]) = [θ(X), θ(Y )]
= [λ(X)+X,λ(Y )+ Y ]
= [X,Y ]
because λ(X) ∈ [g,g] is in the center. Thus θˆ = id also. We have shown:
Lemma 1. Let Aut(g)→ Aut(gˆ) × Aut(g¯) be the natural homomorphism, sending θ to
(θˆ, θ¯ ). If θ¯ = id, then θˆ = id.
In general, the natural homomorphism
Aut(g)→ Aut(g¯)
is not surjective.
Example. The Heisenberg group Heis5 is
Heis5 =RC2
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with group operation given by
(s,z)(t,z′)= (s + t + 2 Im{zz¯′},z+ z′),
where Im(zz¯′) is the imaginary part of the complex number z1z¯′1+z2z¯′2 for z= (z1, z2) and
z′ = (z′1, z′2). Heis5 is a simply connected and 2-step nilpotent Lie group with the center
Z(Heis5)= R. With G=C2 =R4, consider the short exact sequence
1 →R→ Heis5 →R4 → 1.
It turns out that the homomorphism Aut(G) → Aut(G) = GL(4,R) is not surjective.
Every automorphism of G must preserve a symplectic form on the quotient R4, up to
dilation. For example, no automorphism of R4 of negative determinant can be lifted to an
automorphism of G. See [12] for more details.
Now we study the kernel of this homomorphism. Suppose θ :g→ g is an automorphism
such that θ¯ = id. Then θˆ = id and θ(X)= λ(X)+X for some λ :g→ gˆ. It is trivial to see
that λ :g→ gˆ is a linear map.
From the two equalities
θ [X,Y ] = λ([X,Y ])+ [X,Y ],[
θ(X), θ(Y )
]= [λ(X)+X,λ(Y )+ Y ]= [X,Y ]
we get
λ
([X,Y ])= 0
which shows λ factors through g¯= g/[g,g]. Thus, λ :g→ g¯→ gˆ is a linear map of vector
spaces.
Conversely, let λ : g¯ → gˆ be a linear map. We interpret λ as λ :g → g¯ → gˆ. Then
θ :g→ g defined by
θ(X)= λ(X)+X
is a Lie algebra automorphism of g (with θ¯ = id). Thus the kernel is Hom(g¯, gˆ), the group
of linear transformations from g¯ into gˆ.
Let Âut(g¯) denote the image of Aut(g) in Aut(g¯). Then we have an exact sequence
0 →Hom(g¯, gˆ)→ Aut(g)→ Âut(g¯)→ 1,
which will be shown to split.
Lemma 2. For any splitting g = gˆ ⊕ s(g¯) (as vector spaces), there exists a splitting
Aut(g) = Hom(g¯, gˆ)  Âut(g¯) so that elements of Âut(g¯) ⊂ Aut(gˆ) × Aut(g¯) are block
diagonal matrices:[
X 0
0 U
]
, X ∈Aut(gˆ), U ∈ Aut(s(g¯)).
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Proof. Let θ ∈ Aut(g) inducing θˆ and θ¯ . With respect to the splitting g= gˆ⊕ s(g¯), θ is of
the form
θ(X,U)= (θˆ (X)+ λ(U), θ¯(U))
for some λ ∈Hom(g¯, gˆ). Now we define θ ′ ∈Aut(g) by
θ ′(X,U)= (θˆ (X), θ¯ (U)).
We check that θ ′ is a Lie algebra automorphism:[
θ ′(X,U), θ ′(Y,V )
] = [θ(X,U), θ(Y,V )] since λ(U),λ(V ) ∈Z(g)
= θ[(X,U), (Y,V )] since θ ∈ Aut(g)
= θ([U,V ],1)
= (θˆ [U,V ],1)
= θ ′([U,V ],1) by definition of θ ′
= θ ′[(X,U), (Y,V )].
This give rise to a homomorphism Âut(g¯)→ Aut(g), and the short exact sequence splits.
Consequently, we have shown
Aut(g) = Hom(g¯, gˆ) Âut(g¯)
⊂ Hom(g¯, gˆ) (Aut(gˆ)×Aut(g¯)).
Moreover, elements of Âut(g¯)⊂ Aut(gˆ)× Aut(g¯) are block diagonal matrices:[
U 0
0 V
]
, U ∈ Aut(gˆ), V ∈Aut(s(g¯)). ✷
Pick a set {x1, x2, . . . , xn} ⊂ Γ so that its image {x¯1, x¯2, . . . , x¯n} ⊂ G = G/Z(G)
generates the lattice Γ/(Γ ∩Z(G))∼= Zn. Let
Xi = log(xi) ∈ g, for each i = 1,2, . . . , n.
Let s(g¯) be the span of {X1,X2, . . . ,Xn}. Now we have a splitting g= gˆ⊕ s(g¯).
For any λ = 0, we define
Kλ(Xi)= λXi, i = 1,2, . . . , n.
Since
[λXi,λXj ] = λ2[Xi,Xj ],
Kλ extends to a unique automorphism of g.
From the natural isomorphism Aut(g) ∼= Aut(G), Kλ induces a unique automorphism
of G, which we shall denote by Kλ again. Therefore, for an integer p, we have
Kp(xi)= xpi , i = 1,2, . . . , n.
Lemma 3. Kλ ∈Aut(g) commutes with every element of Âut(g¯)⊂ Hom(g¯, gˆ) Âut(g¯)=
Aut(g). In particular, Kλ ∈ Aut(G) commutes with every element of Φ ⊂ Aut(G).
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Proof. We know already, elements of Âut(g¯) are block diagonal. Also, since [λXi,λXj ] =
λ2[Xi,Xj ], Kλ has the matrix[
λ2I 0
0 λI
]
.
Therefore, they commute with each other. ✷
For q > 0,
Γ q = 〈xq : x ∈ Γ 〉
denotes the subgroup of Γ generated by all the q th powers of elements of Γ . Then clearly,
Γ q is a characteristic subgroup of Γ .
Lemma 4. For each z ∈ Γ , Ks+1(z)z−1 ∈ Γ s .
Proof. For each xi , we have Ks+1(xi)x−1i = xs+1i x−1i = xsi ∈ Γ s . Suppose Ks+1(x)x−1,
Ks+1(y)y−1 ∈ Γ s . Then
Ks+1(xy)(xy)−1 =Ks+1(x)x−1 · x
(
Ks+1(y)y−1
)
x−1 ∈ Γ s,
for Γ s is characteristic in Γ . Since every element of 〈x1, x2, . . . , xn〉 is a product of
xi’s, this proves Ks+1(y)y−1 ∈ Γ s for every y ∈ 〈x1, x2, . . . , xn〉. A general element of
Γ , if it is not in 〈x1, x2, . . . , xn〉, is of the form zy ∈ Γ , where y ∈ 〈x1, x2, . . . , xn〉 and
z ∈ Γ ∩ [G,G], with z /∈ 〈x1, x2, . . . , xn〉 but zp ∈ 〈x1, x2, . . . , xn〉 for some p. Since
z ∈ [G,G], we have Ks+1(z)= z(s+1)2 . Thus, Ks+1(z)z−1 = zs2+2s = (zs+2)s ∈ Γ s since
z ∈ Γ already. Thus Ks+1(zy)(zy)−1 ∈ Γ s again. ✷
Lemma 5. For each s > 0, every element of Γ ps+1 ∩ Rk has a pth root in Γ ps ∩ Rk .
Consequently, (Γ ps ∩Rk)/(Γ ps+1 ∩Rk)= (Zp)k .
Proof. First, we shall show that
y
q
1y
q
2 · · ·yqn = (y1y2 · · ·yn)q
(∏
i<j
[yi, yj ]
)q(q−1)/2
for every yi ∈ Γ and for every integer q  1.
We use induction on n. For n= 1, the equality is trivially true. For n= 2, it is not hard
to verify that
y
q
1y
q
2 = (y1y2)q [y1, y2]q(q−1)/2.
Suppose the equalities hold for n. Then, with y = yn+1,
y
q
1y
q
2 · · ·yqnyqn+1 =
(
y
q
1 y
q
2 · · ·yqn
) · yq
= (y1y2 · · ·yn)q
(
n∏
i<j
[yi, yj ]
)q(q−1)/2
· yq (induction)
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= (y1y2 · · ·yn)qyq ·
(
n∏
i<j
[yi, yj ]
)q(q−1)/2
= (y1y2 · · ·yn · y)q · [y1y2 · · ·yn, y]q(q−1)/2 ·
(
n∏
i<j
[yi, yj ]
)q(q−1)/2
= (y1y2 · · ·yn · y)q ·
(
n∏
i<j
[yi, yj ]
)q(q−1)/2( n∏
i=1
[yi, y]
)q(q−1)/2
= (y1y2 · · ·ynyn+1)q ·
(
n+1∏
i<j
[yi, yj ]
)q(q−1)/2
.
This finishes the proof of the equality. Moreover, the product of brackets has another
expression
n∏
i<j
[yi, yj ] = (y1y2 · · ·yn)
(
y−11 y
−1
2 · · ·y−1n
)
.
This can be shown by induction again. For n = 2, the identity is the definition of the
bracket. Assume the equality for n. Then
(y1y2 · · ·yn · y)
(
y−11 y
−1
2 · · ·y−1n · y−1
)
= (y1y2 · · ·yn)
(
y−11 y
−1
2 · · ·y−1n
)
(yn · · ·y2y1)y
(
y−11 y
−1
2 · · ·y−1n
)
y−1
=
n∏
i<j
[yi, yj ][yn · · ·y2y1, y]
=
n∏
i<j
[yi, yj ]
n∏
k=1
[yk, y]
=
n+1∏
i<j
[yi, yj ].
Thus the equality has been established. We shall abbreviate
Y = y1y2 · · ·yn, Y = y−11 y−12 · · ·y−1n .
Then
y
q
1y
q
2 · · ·yqn = Y q · (YY )q(q−1)/2 (†)
with YY ∈ Γ ∩Rk .
Suppose now yq1 y
q
2 · · ·yqn ∈Rk for some q  1. Since
YY =
n∏
i<j
[yi, yj ] ∈ Γ ∩Rk
holds true always, the above equality shows Y q ∈ Rk . Since G is nilpotent, this in turn,
implies Y ∈ Rk . It also implies Y ∈ Γ ∩Rk . The right-hand side lies in Γ ∩Rk for every
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q  1. Therefore, yq1y
q
2 · · ·yqn ∈ Rk for some q  1 implies yp1 yp2 · · ·ypn ∈ Rk for every
p  1. Summarizing,
y
q
1y
q
2 · · ·yqn ∈Rk (for some q > 1) ⇒ Y,Y ∈ Γ ∩Rk.
Now we prove that every element of Γ ps+1 ∩ Rk has a pth root in Γ ps ∩ Rk . Let
y
ps+1
1 y
ps+1
2 · · ·yp
s+1
n ∈ Γ ps+1 ∩Rk .
From (†), we have
y
ps+1
1 y
ps+1
2 · · ·yp
s+1
n = Yps+1 · (YY )ps+1(ps+1−1)/2, (1)
y
ps
1 y
ps
2 · · ·yp
s
n = Yps · (YY )ps(ps−1)/2. (2)
From (2), we get(
y
ps
1 y
ps
2 · · ·yp
s
n
)p = Yps+1 · (YY )ps+1(ps−1)/2. (3)
From (1) and (3),
y
ps+1
1 y
ps+1
2 · · ·yp
s+1
n =
(
y
ps
1 y
ps
2 · · ·yp
s
n
)p · ([(YY )ps(p−1)/2]ps )p
= (yps1 yps2 · · ·ypsn Zps )p,
where Z = (YY )ps(p−1)/2 ∈Rk . Notice that ps(p− 1)/2 is an integer regardless whether
p is even or odd. We have shown that every element of Γ ps+1 ∩ Rk has a pth root in
Γ p
s ∩Rk .
Now Γ ps+1 ∩ Rk ⊂ Γ ps ∩ Rk , and both are lattices of Rk . Thus both are isomorphic
to Zk . This implies that the quotient (Γ ps ∩ Rk)/(Γ ps+1 ∩ Rk) is isomorphic to (Zp)k .
This finishes the proof of Lemma 5. ✷
Examples. Consider the 3-dimensional Heisenberg group
N =

1 x z0 1 y
0 0 1
 : x, y, z ∈R
.
Denote such an element by (z, x, y). Let x1 = (0,1,0), x2 = (0,0,1), u= (1,0,0). Then
Γ = 〈x1, x2, u〉 is a lattice of N . Let
y1 = x1, y2 = x2, y3 = x−11 x−12 .
With the notation of the text, we have
Y = y1y2y3, Y = y−11 y−12 y−13 .
Then
y
q
1y
q
2 · · ·yqn = Y q · (YY )q(q−1)/2
becomes
y21y
2
2y
2
3 = Y 2(YY )
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(with n= 3, q = 2). Notice that
y21y
2
2y
2
3 = u3, Y = y1y2y3 = u, Y = y−11 y−12 y−13 = I.
Thus
u= YY = Y−2y21y22y23 ∈ Γ 2
but u does not have a square root in Γ . Thus u ∈ Γ 2 ∩R− (Γ ∩R)2 so that
Γ 2 ∩R = (Γ ∩R)2.
Proposition 6. Let π ⊂ Rn  O(n) be a crystallographic group, Γ = π ∩ Rn, and
Ψ = π/Γ ⊂ O(n). Let Kλ ∈ Aut(Rn) be the map defined by: Let Kλ(x) = λx for all
x ∈Rn. Let p be the order of Ψ . Then, after conjugation by an element of Rn Aut(Rn),
π satisfies: for every s  1,
Kps+1(a)a−1 ∈ Γ ps−1
for every (a,A) ∈ π .
Proof. Clearly, every A ∈Φ = π/Γ ⊂ Aut(Rn) commutes with K .
Let λ :π →Rn be a map defined by
λ(a,A)=Kps+1(a)a−1.
For any (a,A), (b,B)∈ π , we have
λ
(
(a,A)(b,B)
) = λ(a ·A(b),AB)
= K(aA(b)) · (aA(b))−1
= K(a)a−1 · aK(A(b))A(b)−1a−1
= K(a)a−1 · aA(K(b)b−1)a−1, since KA=AK
= λ(a,A) ·A(λ(b,B)), since Rn is commutative.
Therefore, λ is a crossed homomorphism. We need to prove, for all s  1,
λ(a,A)=Kps+1(a)a−1 ∈ Γ ps−1
for every (a,A) ∈ π . Note that Γ ∼= Zk , where k = dim(Rn) since Rn is Abelian.
For any z ∈ Γ , we have
λ
(
(z,1)(a,A)
) = λ(z, I) · λ(a,A)
= zps · λ(a,A)
= λ(a,A) mod Γ ps .
Furthermore, the action of π on Rn (by conjugations) induces a unique action of Φ on
Rn/Γ p
s
. This shows that λ :π →Rn induces a crossed homomorphism λ¯ :Φ→Rn/Γ ps :
π λ Rn
Φ
λ¯
Rn/Γ p
s
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where the vertical homomorphisms are the natural projections. The inclusion Γ ps →
Γ p
s−1 induces a homomorphisms σ :Rn/Γ ps → Rn/Γ ps−1 which, in turn, induces a
homomorphism on the cohomology
H 1
(
Φ;Rn/Γ ps ) σ∗−→H 1(Φ;Rn/Γ ps−1).
On the other hand, the short exact sequence
1 → Γ ps−1 →Rn →Rn/Γ ps−1 → 1
induces a long exact sequence of cohomology groups
· · ·→H 1(Φ;Rn)→H 1(Φ;Rn/Γ ps−1)→H 2(Φ;Γ ps−1)→H 2(Φ;Rn)→ ·· · .
Note thatRn ∼=Rk , Γ ps−1 ∼= Zk so thatRn/Γ ps−1 = T k is a torus. We haveHi(Φ;Rn)= 0
for each i > 0, since |Φ| = p is finite. Therefore H 1(Φ;Rn/Γ ps−1)∼=H 2(Φ;Γ ps−1). So,
every element of H 1(Φ;Rn/Γ ps−1) is annihilated by multiplication by p. Note that σ is a
covering map with deck transformation group(
R
n ∩ Γ ps−1)/(Rn ∩ Γ ps )∼= (Zp)k.
Therefore, σ∗ is multiplication by p, and hence σ∗[λ¯] has a pth root in H 1(Φ;Rn/Γ ps−1)
so that σ∗[λ¯] = 0. Thus σ λ¯ is a principal crossed homomorphism, and there exists d ∈Rn
such that
dλ(a,A)A(d)−1 ∈ Γ ps−1 .
Since Rn is Abelian, we use additive notation. Let g ∈ Rn be the element such
that psg = d , and let π ′ = (g,1)π(g,1)−1. For any (a′,A) = (g + a − A(g),A) =
(g,1)(a,A)(g,1)−1 ∈ π ′,
Kps+1(a′)(a′)−1 = (ps + 1)a′ − a′
= psa′
= ps(q + a −A(g))
= d + psa −A(d) (since psg = d)
= d · λ(a,A) ·A(d)−1 (using multiplicative notation again),
which is an element of Γ ps−1 . Observe that gΓ g−1 = Γ since Rn is Abelian. This proves
the statement. ✷
Lemma 7. Let p be the order of Ψ . Then, after conjugation by an element of GAut(G),
π satisfies: for every s  2,
Kps+1(a)a−1 ∈ Γ ps−2
for every (a,A) ∈ π .
Proof. By Lemma 3, every A ∈Φ = π/Γ ⊂ Aut(G) commutes with K . Let λ :π →G be
a map defined by
λ(a,A)=Kps+1(a)a−1.
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For any (a,A), (b,B)∈ π , we have
λ
(
(a,A)(b,B)
) = λ(a ·A(b),AB)
= K(aA(b)) · (aA(b))−1
= K(a)a−1 · aK(A(b))A(b)−1a−1
= K(a)a−1 · aA(K(b)b−1)a−1, since KA=AK
= λ(a,A) · aA(λ(b,B))a−1.
Therefore, λ is a crossed homomorphism.
In the following “−” means the images under the projection G→G=G/γ2(G). Then
1 →Rk →G→G→ 1
is exact. Further π ∩Rk is isomorphic to Zk and is a lattice of Rk . Let π¯ = π/Zk so that
1 → Zk → π → π¯ → 1
is exact. With Γ = π ∩G, the following
1 → Zk → Γ → Γ → 1,
1 → Γ → π¯ →Φ → 1
are exact. By Lemma 1, the induced homomorphism Φ →Aut(G) is still injective, and π¯
is a crystallographic group.
Let Kλ be the automorphism of G induced from Kλ. By the Abelian case (Propo-
sition 6), there exists g¯ ∈ G with which, (g¯, I )π¯(g¯, I )−1 satisfies, for any (a¯, A¯) ∈
(g¯, I )π¯ (g¯, I )−1,
Kps+1(a¯) · a¯−1 ∈ Γ p
s−1
for all s  1. Here Γ is the subgroup of π¯ generated by {x¯1, x¯2, . . . , x¯n}. Let g ∈ π be a
preimage of g¯. For simplicity, we replace our π by (g, I)π(g, I)−1. We need to show, for
a conjugate of π , for all s  2,
λ(a,A)=Kps+1(a) · a−1 ∈ Γ ps−2
for every (a,A) ∈ π . We have seen already that λ :π →G is a crossed homomorphism.
Since Kps+1(a¯) · a¯−1 ∈ Γ p
s−1
, we have Kps+1(a) · a−1 ∈RkΓ ps−1 . Note that Γ ps−1 is
normal in RkΓ ps−1 since Rk is in the center of G. Thus we have an exact sequence
1 → Γ ps−1 →RkΓ ps−1 → T k → 1,
where T k =RkΓ ps−1/Γ ps−1 =Rk/(Rk ∩ Γ ps−1). For any z ∈ Γ , we have
λ
(
(z,1)(a,A)
) = λ(z,1) · z(λ(a,A))z−1
= K(z)z−1 · z(K(a)a−1)z−1 with K =Kps+1
= K(z)z−1 · z(ry)z−1 bysettingK(a)a−1 = ry ∈RkΓ ps−1
= K(z)z−1 · [z, y](ry) since r ∈Rk is in the center of G
= K(z)z−1 · [z, y] · λ(a,A).
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By Lemma 4, we know, for every element of z ∈ Γ , Kps+1(z)z−1 ∈ Γ ps ⊂ Γ ps−1 . Also
since y ∈ Γ ps−1 and Γ ps−1 is characteristic in Γ , we have [z, y] ∈ Γ ps−1 . Consequently,
λ
(
(z,1)(a,A)
)≡ λ(a,A) mod Γ ps−1 .
This shows that λ :π →RkΓ ps−1 induces a crossed homomorphism λ¯ :Φ→RkΓ ps−1/
Γ p
s−1
:
π λ RkΓ p
s−1
Φ
λ¯
RkΓ p
s−1
/Γ p
s−1
where the vertical homomorphisms are the natural projections. The inclusion Γ ps−1 →
Γ p
s−2 induces a homomorphism σ
RkΓ p
s−1
/Γ p
s−1 σ
=
RkΓ p
s−2
/Γ p
s−2
=
Rk/(Rk ∩ Γ ps−1) σ Rk/(Rk ∩ Γ ps−2)
which, in turn, induces a homomorphism on the cohomology
H 1
(
Φ;Rk/(Rk ∩ Γ ps−1)) σ∗−→H 1(Φ;Rk/(Rk ∩ Γ ps−2)).
On the other hand, the short exact sequence
1 →Rk ∩ Γ ps−2 →Rk →Rk/(Rk ∩ Γ ps−2)→ 1
induces a long exact sequence of cohomology groups
· · · → H 1(Φ;Rk)→H 1(Φ;Rk/(Rk ∩ Γ ps−2))
→ H 2(Φ;Rk ∩ Γ ps−2)→H 2(Φ;Rk)→·· · .
Note that Γ ps−2 ∼= Zk so that Rk/(Rk ∩ Γ ps−2)= T k is a torus.
We have Hi(Φ;Rk)= 0 for each i > 0, since |Φ| = p is finite. Therefore
H 1
(
Φ;Rk/(Rk ∩ Γ ps−2))∼=H 2(Φ;Rk ∩ Γ ps−2).
So, every element of H 1(Φ;Rk/(Rk ∩ Γ ps−2)) is annihilated by multiplication by p.
By Lemma 5 (for c= 2),
σ :Rk/
(
R
k ∩ Γ ps−1)→Rk/(Rk ∩ Γ ps−2)
is a covering map with deck transformation group(
R
k ∩ Γ ps−2)/(Rk ∩ Γ ps−1)∼= (Zp)k.
Therefore, σ∗ is multiplication by p, and hence σ∗[λ¯] has a pth root in H 1(Φ;G/Γ ps−1)
so that
σ∗[λ¯] = 0 ∈H 1
(
Φ;Rk/(Rk ∩ Γ ps−c)).
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There exists d ∈Rk (and d¯ ∈Rk/(Rk ∩ Γ ps−2)) such that λ¯(a,A)≡ d¯−1A(d¯) mod Γ ps−2
for all (a,A) ∈ π . Therefore,
dλ(a,A)A(d)−1 ∈ Γ ps−2 .
Let g ∈Rk be the element such that g(ps+1)2−1 = d . Since Kq induces an automorphism
on the Lie algebra γ2(g)=Rk such that Kq(X)= q2X, we have Kq(x)= xq2 for x ∈Rk .
Thus,
Kps+1(g)g−1 = g(ps+1)2g−1 = g(ps+1)2−1 = d.
Let π ′ = (g,1)π(g,1)−1. For any (a′,A)= (gaA(g)−1,A)= (g,1)(a,A)(g,1)−1 ∈ π ′,
Kps+1(a′)(a′)−1 = Kps+1
(
gaA(g)−1
)(
gaA(g)−1
)−1
= Kps+1(g)Kps+1(a)Kps+1
(
A(g)−1
)
A(g)a−1g−1
= Kps+1(g)g−1 ·Kps+1(a)a−1 ·A(g)Kps+1
(
A(g)−1
)
(since g ∈Rk is in the center of G)
= Kps+1(g)g−1 ·Kps+1(a)a−1 ·A
(
Kps+1(g)g−1
)−1
(since KA=AK)
= d · λ(a,A) ·A(d)−1 (since Kps+1(g)g−1 = g(ps+1)2−1 = d)
which is an element of Γ ps−2 . Observe that gΓ g−1 = Γ since g is in the center of G. This
finishes the proof of Lemma 7. ✷
Proof of Theorem
In Lemma 7 (with s = 2 + 1), we have shown that K = Kp3+1 satisfies, after taking
conjugation by an element of GAut(G), for every (a,A) ∈ π ,
(1) KA= AK , and
(2) K(a)a−1 ∈ Γ p .
For any (a,A) ∈ π , we have[
(1,K), (a,A)
]= (K(a)a−1,1) ∈ Γ
so that
(1,K)(a,A)(1,K)−1 = (K(a),A)∈ π.
This shows that conjugation by (1,K) ∈GAut(G) yields an endomorphism E of π so
that the diagram
1 Γ
K
π
E
Φ
=
1
1 Γ π Φ 1
is commutative. Clearly, the automorphism K :G→ G is an expanding map. Therefore,
E :G → G induces an expanding map on M = G/π . This completes the proof of
theorem. ✷
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